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Abstract
Let n=32Q2 be an odd positive integer, with  prime,  ≡  ≡ 1 (mod 4), Q squarefree,
(Q, )=(Q, 3)=1. It is shown that: if n is perfect, then () ≡ 0 (mod 32). Some corollaries
concerning the Euler’s factor of odd perfect numbers of the above mentioned form, if any, are
deduced.
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Let (n) be the sum of the positive divisors of a natural number n; n is said to be
perfect if and only if (n) = 2n. Odd perfect numbers, if any, must be of the form
n = N2, where  is an odd prime,  ≡  ≡ 1 (mod 4) and (, N) = 1 [1, p. 19].
Some results concerning , which is called the Euler’s factor of n, can be found in
[6,7]. In this note, we will consider odd perfect numbers of the form:
n = 32Q2, (1)
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where (Q, ) = (Q, 3) = 1,  ≡  ≡ 1 (mod 4),  is a positive integer, Q =
q1q2q3 . . . qr and , qj , 1jr , are distinct (odd) primes of increasing order. Set-
ting M = 3Q, we will use the following result which is due to McDaniel and Hagis
[5]:
(i) if n = M2,  ≡  ≡ 1 (mod 4), where M is odd square-free such that (,M) = 1
and n is perfect number, then  ≡ 0, 2 (mod 3).
We now prove:
Theorem. If n as in (1) is an odd perfect number, then () ≡ 0 (mod 32).
Proof. From the assumptions we get
()(32)(Q2) = 232Q2. (2)
Since (32) = 32 + 32−1 + · · · + 3 + 1, we have
((32), 3) = ((32), 32) = 1. (3)
By the same assumptions it follows that
(Q2) = (q21 )(q22 ) · · · (q2r ). (4)
Now we distribute the primes qj for j = 1, 2, . . . , r in two classes: I. qj ≡ 1 (mod 6),
II. qj ≡ −1 (mod 6). If qj belongs to the class I we have
(q2j ) = q2j + q2−1j + · · · + qj + 1 ≡ 2+ 1 (mod 6).
If qj belongs to the class II, then
(q2j ) = q2j + q2−1j + · · · + qj + 1 ≡ 1 (mod 6).
If there are m0 prime factors qj ≡ 1 (mod 6), then
(Q2) ≡ (2+ 1)m (mod 6).
By McDaniel and Hagis’s result we can assume  is not congruent to 1 (mod 3) and
so
(2+ 1)m ≡
{
2 (mod 3) if m is odd and  ≡ 2 (mod 3)
1 (mod 3) otherwise.
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Therefore, (Q2) ≡ 1, 2 (mod 3) and
((Q2), 32) ≡ 1.
So, in light of (2) and (3), we now conclude that () ≡ 0 (mod 32) and the proof
of the theorem is complete. 
We note that the number of distinct prime factors (n) of an odd perfect number n
is (n)8 [2] (if 3 does not divide n, then (n)11, [3,4]). A recent result of this
kind is: if (n) = 8, then 5|n [8]. Our case is r = (Q)6; if r = 6, then q1 = 5.
Now, some corollaries about  can be drawn.
Corollary 1. If () < 32, then n of the form (1) is not perfect.
At present, the least possible value of  seems to be 6 [5]; so there cannot exist odd
perfect numbers as in (1) with Euler’s factor, for example, equal to 55 or 135. Besides,
since  ≡ 1, 5 (mod 12) and  ≡ 1, 5, 9 (mod 12), we get also:
Corollary 2. If  ≡ 1 (mod 12) and  ≡ 1, 9 (mod 12), then n of the form (1) is not
perfect.
Proof. Now, () =  + −1 + · · · + + 1 ≡ 1 +  (mod 12). If  ≡ 1, 9 (mod 12),
then () would not be divisible by 3, and hence the corollary follows from the
Theorem. 
From this Corollary we deduce the non-existence of odd perfect numbers as in (1)
with Euler’s factor, for example, 13, with  = 1, 9.
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